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A DIFFERENTIAL INCLUSION: THE CASE OF AN ISOTROPIC 

SET 

GISELLA CROCE 

Abstract. In this article we are interested in the following problem: to find 
a map u : Q, — ¥ R 2 that satisfies 

Du £ E a.e. in Q 

u(x) = (f(x) x £ <9fi 



where f2 is an open set of R 2 and E is a compact isotropic set of R 2 x 2 . We 
will show an existence theorem under suitable hypotheses on p. 

< 

r^ ■ 1. Introduction 

■*— > 

In this article we study the following problem: let fl be an open set of R 2 ; we 
investigate the existence of maps u : Vt — > R 2 (weakly differentiable) that satisfy 

{Du £ E a.e. in Q 

u(x) = tp(x) x £ dfl 

—*- ' where ip : fl — >• R 2 is sufficiently regular and E is a compact isotropic set of R 2x2 

■^j- . (that is AEB C E for every A,B £ 0(2)). In an equivalent way E can be written 

q 

g! (1-2) J B = UGR 2x2 :(A 1 (e),A 2 (e))G^}, 

f^*) | for some compact set K C T — {(x,y) £ R 2 : < x < y}, where we have denoted 

by M{£,) < ^2(£,) the singular values of the matrix £, that is the eigenvalues of the 
matrix \/££*, which are 

><' MO = i [v/IICII 2 + 2| dct(0| - VUW 2 ~ 2| det(0| 

S : (L3) ,,. i 



A 2 (0 = - [Vlieil 2 + 2|det(OI + v / lieil 2 -2|det(e)| 

We will assume throughout the article that 

(1.4) min{x,(x,y) £ K} > . 

Thanks to the properties of the singular values (see [6]), the problem (|l.l|l can be 
rewritten in the following equivalent way: 

||Du(x)|| 2 = a 2 + b 2 a.e. in fi, (a, b) £ K, 

\det Du(x)\ — ab a.e. in Q, (a, b) € K, 

u(x) = ip(x) x £ dfl . 
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We will show the following existence theorem for the problem (|1.1[) : 



Theorem 1.1. Let E be defined by \1.2fy where K C T is a compact set such that 
uim{x,(x,y) G K} > 0. Let fl C R 2 be an open set. Let ip G C'p iec (ri;M. 2 ) such 
that Dip(x) £ £U int KcoE in Q (where RcoE denotes the rank one convex hull of 
E and int Rcoi? its interior). Then there exists a map u G ip + W ,o ° (f2;R 2 ) such 
that Du G E a.e. in Q. 

Our result will be a generalization of an existence theorem by Dacorogna and 
Marcellini (see [3]), where they investigated the case in which K contains only one 
point, butXCR",n>2. 

To establish our theorem we will use an abstract existence result proved by 
Dacorogna and Marcellini [3J and then refined by Dacorogna and Pisante [1] , which 
is based on a functional analytic method, that uses the Baire category theorem. 
However we recall that the kind of problem like (jl.ll) can also be solved by another 
method, established by Gromov [5] and then presented by Miiller and Sverak (see 
[8] for example) in a more analytic manner. 

Moreover it will be useful the representation of the rank one convex hull of the 
set E (we will show that the rank one convex hull coincides with the polyconvex 
one): for this, we will apply some results established by Cardaliaguet and Tahraoui 
in ffl. 

2. Definitions and preliminary results 

This section is devoted to the study of the polyconvex hull of an isotropic compact 
set of R 2x2 : this is useful to study the rank one convex hull, as we will see in the 
next section. 

We first give the definitions of polyconvex hull and rank one convex hull of a set 
E CM. 2x2 : we will follow the definitions of Dacorogna and Marcellini [3J. 

Definition 2.1. Let E C R 2x2 ; if I = R U {+oo}, we define 

VcoE = {£GR 2x2 : /(£) <0,V/: R 2x2 ^ I polyconvex,/^ < 0}; 
RcoE = {£GR 2x2 : /(£) < 0,V / : R 2x2 -> I rank one convex , f\ E < 0}. 

Remark 2.2. i) We observe that, according to this definition, the rank one convex 
hull of a compact set is not necessarily closed (some examples can be found in 
[7]). According to our definition Rcoi? is the smallest rank one convex set which 
contains E (see [3J). Some authors call our envelop the laminate convex hull of E. 
ii) We will use also the following representation for RcoE (see [3J): Rco-E = 
(J RjCO-E, where 

R a coE = E, R l+1 coE = {tA+(l-t)B : A,B €RiCoE,rk(A-B) <l,te [0,1]}. 

Hi) If E is bounded, then (see [3J) 

Pco£; = {£gR 2x2 :/(£) <0,V/:M 2x2 ^M polyconvex,/^ < 0} = YcoE . 

This means that for a compact set, our notion of polyconvexity coincides with that 
one of Cardaliaguet and Tahraoui in |T[ . We observe that the polyconvex hull of a 
compact set E is compact. 
iv) We recall that RcoE C Pcoi? for every set E. 

We now pass to the study of the polyconvex hull of our set E. We recall the 
following result established in pQ: 
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Proposition 2.3. Let K C T be a compact set and E = {£ £ K 2x2 : (Ai(£), A 2 (£)) € 

if} . Let 

r ~ _ ^ • 

£ = ^ (0, 7) e Ml : 7 > 6» 2 et V (x, y) £ K y < 9 + — 

a; ■ 

(2A) -0 2 

<j(x) = inf 9 + -, V x > 0. 

(e,7)es x + 6» 

T/ien 

PcoS-UeK 2x2 :A 2 (0< f T(A 1 (C))}. 

It will be useful for our purposes to write in a different way the function a defined 
by (|2.1[) . We will use the notation m(9) = max {ab + 9(b — a)} throughout all 

(a,b)GK 

this article. 

Proposition 2.4. Let K <ZT be a compact set satisfying \l-4\) and a be the function 
defined by J2.1]) . Then 

(2.2) a(x) = min )-+, 

8G[0, max b] X + 9 

(a,b)eK 

Proof. We divide the proof into two steps: in the first one we study the set E defined 
in proposition 12. 31 and in the second one we state the formula for the function a. 
Step 1: Study of the set E: By definition 

<- /i2 ' 

E = I (8, 7) £ K^ : 7 > 6» 2 et V (a, 6) € if b < 9 + 

As for every (a, b) £ if we have a > , thanks to (|I.4j) 

E = I (6», 7) e K 2 : 7 > sup{6> 2 , max {ab + 9(b - a)}} 

I (a,b)eK 

We observe that if 9 > max b then for every (a, b) £ K one has 

~ (o,6)GK V ' 

a6 + 6»(6 - a) < 9a + 0(6 - a) = 9b < 9 2 
and so max {a6 + 9(b — a)} < 9 2 . 

(a,b)eK 

If 9 < max b then, considering (a, max b) £ K we have 

(a,b)eK (a,b)£K 

max |a6 + 9(b — a)} > a( max b — 9) + 9 max b > 9 max b > ( 

(a,b)e,R- (a,b)£K (a,b)£K (a,b)£K 

li 9 = max b we have 

(a,6)£if 

(2.3) max \ab+\ max 61(6 — a)} = [ max 6l 2 . 

(a.b)el< (a,b)eK (a,b)£K 

From this study we can infer that 

E = E 1 UE 2 , 
where 

Ei = {(0,7) eR 2 : 6>G [0, max 6], 7 > max {ab + 0(6 - a)}} 

(a,b)£K (a,b)EK 

E 2 = {(0,7) £ M 2 : 9 > max 6, 7 > 2 } . 

(a,b)eK 
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Step 2: Study of the function a: We define 

x + 

and 

ri = {(6>, max {ab + 9(b-a)}),9€ [0, max 61} 

(a,b)eK (a,b)el< 

r 2 = {(0,0 2 ),0> max b}. 

(a,b)EK 

We observe that I"i U T 2 C Si U £2 • We are going to show that 

0"O) = "£ 9x(0,l)- 

1 lUl 2 

7-6» 2 

We know from proposition 12.31 that cr(a;) = inf H — . Now, if x = 

w (e, 7 )es x + 9 

-1 -6 2 7 

a(0)= inf 6 + ^-—= inf I. 

(0,7)6X1 ^ («.7)6S 

T 
As (0q fixed) the function — is increasing, 

"0 

cr(0) = inf -= inf g o (0, 7). 
(0,7)6X1 TiUra V " 

/i2 n 

If x > 0, a(x) = inf + - = inf gJ9,i) . We observe that -p- > 0: 

(0,7)6X1 z + (0,7)6£ v ;/ d"f 

this implies that, if 0o > is fixed, g x {9o,7) is increasing (in 7), and so for x > 
a(x) = inf 5^(0,7) = inf sr x (0,7) , 

Z. 1 iUl 2 

as wished. We observe that 

0x + max |a6 + 0(6 — a)} 

1 (a,6)6K 

ffs ri— —7 , 

x + 

and so 

0x + max |a6 + 0(6 — a)} 

(a,&)6K 



Ti 0e[O, max 61 
(o,t)6X 


x + e 


Moreover 

0a; + 2 

0a: T 2 — , a ~ 

X + 


= 0, > max 6 : 

(o,6)GK 


consequently 




inf ^ = 

1 2 


max 6. 

(a,6)G-ff 


This study implies that 





8x + max {a6 + 0(6 — a)} 
cr(x) =■ inf 02(0,7) = inf ^ hif ■ , max 6 

Tiur 2 6e[0, max 6] X + 9 (a,b)€K 

1 (a,b)eK 



Due to (|2~3 



a; max 6+ max \ab+\ max 6(6 — a)} 

(a,6)eK {a,b)&K (a,b)eK , 

= max 6; 

x + max 6 (a,6)eif 

(o,6)eic 
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therefore one has 

Ox + max \ab + 9(b — a)} „ ,„. 
(a,b)GK l v JJ . £ 9x + m(9) 
o~[X) = mi = mi — . 

SGfO, max 61 X + 9 8€f0, max 61 X + 9 

(a,b)£K (a,b)£K 

We are going to show that V x > 

9x + m(9) . 9x + m(9) 
inf — = mm — — , 

8GfO, max 61 X + 9 8ef0, max 61 X + 9 

(a,b)£K (a.b)eA' 

and so the formula of the statement. For x > this is trivial. For x = we have 
to study the function of 9 

, , max \ab + 9(b — a)} 

m{9) _ (a,b)eK X V ;/ 



we observe that, 

max {ab + 9(b — a)} max ab 

(a,b)eK (a,b)eK 

9 ^— 8 ►«>.«-► °- 

This implies that there exists e > such that 

, ,, . . m{9) . m{9) . m{6) 

(2.4) inf — —^ = inf -++- = mm — }+- , 

flefO, max 61 9 eefe, max 61 9e\g, max 61 

(«,l)EJC (»,1)6K («,l)EJf 

and so we have the result. □ 

In the next proposition we study the interior of Pco E . 

Proposition 2.5. Let K c T be a compact set satisfying [!.$ ■ £ei £? = {£ G 
M 2x2 : (Ai(^),A 2 (0) G ^} ■ ^en, i/<r is the function defined by {£%) , 

int PcoE = {£ G M 2x2 : A 2 (0 < <r(MO)} • 

Proof. The proof is divided into two steps. 

Step ij To show that intPcoS D {£ G K 2x2 : A 2 (£) < 0-(Ai(£))} , as A;(£) are con- 
tinuous functions, i = 1, 2, it is sufficient to show that the function ct is continuous 
for a; > 0. This is easy for x > 0. To study the point x = 0, we are going to 
show that if x n — > + , then a(x n ) — > <r(0). We can say from (|2.4p that there exists 
0n G (0, max 61 such that cr(0) = TO i ° . Then, by definition of a(x n ) 

V (a,6)eK J V ' e ° V ^ 

CT(a;„) - cr(0) < — ► 0, n -+ oo . 

x„ + Vo vo 

We are going to show that a(x n ) — cr(0) > h(x n ), with h(x n ) -+ 0, if n — >• oo: this 
will imply that cr(x n ) — > <t(0) , and so the continuity of a in 0. 
For every x n there exists 9 n G [0, max 61 such that 

(a,b)£K 
, s ^n^n + m(9 n ) 

a \ x ™> = 1 - To ■ 
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Then, by definition of <r(0) 

, N /n x n x n + rn(0 n ) m{6) 

a(x n ) — a(0) = mm — - — 

X n + "n Se[Q, max 6] 9 

(a : b)eK 

9 n x n + m(9 n ) m(9 n ) x n 2 

- — T^fl a — = TTr +n ^ ° n ~ m(0n)] ' 

• L n i u n "n "n\^n "T u n) 

We will show that h(x n ) — g ( * n +g \ [9 n — m(9 n )\ — > 0, n — > oo . As # 2 — m(9 n ) is 
bounded, it is now sufficient to prove that 

Xn r. 

——. — — -> 0,n -> oo . 

9 n {Xn +O n ) 

We observe that liminf 9 n > . In fact, if liminf #„ = 0, then there exists a sub- 
sequence n^ such that lim 9 nk = 0; consequently 

A:— >oo 

. ,. . max afr 

, v &n h X nk + m{6 nh ) <a,b)GK 

CT ^»*) = — ;— r# ^ ; +A -* °°' k -* °° • 

n fc ~ n k n k ' n k 

The matrix 



^"V a{x nk ) 
belongs to Pcoi? and A 2 (£„ fc ) — > oo : recalling that A 2 is a norm over M 2x2 (see 
[B]), we got a contradiction because Pcoi? is bounded, as E is bounded. 

Then liminf 9 n = a > : this implies that, for n sufficiently large 9 n > ^ and so 

^ a /_ , a^ -► 0, ra -► oo , 



Un\Xn ~T~ Un) 2 V"^ro '2/ 

that is the result. 

S'iep 2J We now show that intPcoE C {£ G K 2x2 : A 2 (£) < ct(Ai (£))}• Suppose 
that there exists a matrix r\ G intPco-E such that A 2 (7/) = cr(Ai(?7)); therefore the 
ball B e {-q) C PcoS, for some e > 0. Let A,B £ 0(2) be such that 

Alfa) 

we define 



^ S ^V A 2 (ry) 



-1/0 , D _i 



D = A {0 d) B 

with < d < e. Then we have 

A! {r, + D) = Ai ( At^B + ADB) = Ai (ry) 
A 2 fa + 13) = A^B + ADB) = A 2 (r?) + d. 

The matrix r] + D G B e (rj) C Pco-E, as d < e: this implies that A 2 (?7 + £>) < 
cr(Ai(77 + D)). From other hand, 

A 2 (?7 + D) = \ 2 (ri) + d = <t{\i(v)) + d = a(Xi(r] + D)) + d > a(Xi(r] + D)) , 

and this is a contradiction: therefore A 2 (?7) < <r(Ai(r))) . □ 

Remark 2.6. The previous results imply that if £ € 9Pco-E, then there exists 
G [0, max 61 such that 

(a,b)£K 

Ai(OA 2 (O + 0(A 2 (O-Ai(O) = m(0). 
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3. The rank one convex hull 

In this section we are going to prove the representation theorem of the rank one 
convex hull of E. It will be useful to show our existence result. We recall that we 
use the notation m(9) = max {ab + 8(b — a)} . 

(a,b)eK 

Theorem 3.1. Let K C T be a compact set satisfying {!.$ . Let 

E = Uet 2x2 :(Ai(0,A 2 K))6if}. 
Then 

KcoE =UeR 2x2 : Ai(£)A 2 (£) + 0(A 2 (e)-Ai(£)) < m (6),y8e [0, max b] \ , 

I (a,b)el< J 

intRco£=UeM 2x2 : MOMO + *(M0 - MO) <m(0),V(9e [0, max b] 

^ (a,b)£K 

We will first prove the following lemma: 

Lemma 3.2. Let K — {(ai, b±), (a 2 , b 2 )}, < a\ < a 2 , ai&i < a 2 b 2l b 2 < b\, a\ < 
6i,o 2 <b 2 andE = {££R 2x2 : (Ai(£), A 2 (£)) t K}. Then 

Rco£ = {£eK 2x2 : A 2 (0 <h, 

Ai(e)A 2 (0<«2& 2 

Xi(0H0 + 0(MO - MO) ^ ai61 + ^( 6l - ai )> 

, a 2 6 2 - ai&i 

where — . 

Pi - Oi - o 2 4- a 2 

Remark 3.3. We remember that Dacorogna and Marcellini [3 proved that if X is 
composed by one point (a, 6) we have 

Rco£ = {£ e M 2x2 : A 2 (0 < b, Ai(0A 2 (0 < ab} . 

Proof. In pQ it is showed that the function a (|2.2p defined for E is 

, s . , f, « 2 o 2 0a; + ai&i +6{b\ ~ a x ) 
a{x) = inf <^ 6i, , =- 

Thanks to proposition ^. 31 this implies that Pco E is the set of matrices £ such that 

(3-1) A 2 (0 < &i, 

(3.2) Ai(0A 2 (0<a 2 6 2) 

(3.3) MOMO + 0(A 2 (£) - Ai(0) < ai&i + 0(h - oi) . 

Therefore to prove the formula of KcoE it is sufficient to prove that PcoE = KcoE. 
For this we will show that 

dPcoE C Rco£ : 

this will imply the not trivial inclusion Pco-E C KcoE and so the result. In fact, let 
£ € intPco_E; as Pco_E is compact, then for any rank one matrix A € R 2x2 , there 
exist ti = ti(A) < < t 2 = t 2 {\) such that ^ + We dVcoE C KcoE, i = 1,2. 
Defining £j = £ + i^A, i = 1, 2, we have 



£ = —^7-6. —6 G RcoS , 

£ 2 —si t 2 — £l 



because rk(£i — £ 2 ) = 1. 
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Now, let £ e dPcoE: necessarily A 2 (£) — cr(Ai(£)) and so £ satisfies either (|3.ip 
or (|3.2p or f|3.3f) with equality. We are going to treat these cases separately (steps 1, 
2, 3 respectively) to show that £ £ KcoE. We can assume without loss of generality 
that £ = diag(Ai(£), A 2 (£)), as Rco-E is isotropic: in fact, using the same notations 
as in the second point of remark I2.2[ we have by induction on i that RiCoE is 
isotropic and so Rco-E is isotropic. 

step 1) If £ satisfies (|3.1j) with equality, (|3.3[) implies that Ai(£) < oi; then 
£ e RcoE, as 



In the next steps we can assume that £ satisfies (|3.ip with strict inequality. 

step 2) We suppose that £ satisfies (J3.2I) with equality. Moreover we can assume 
that £ satisfies (|3.3|) with strict inequality, otherwise these two equalities imply 

If we define 

V = U e K 2x2 : Ai(0A 2 (0 - a 2 6 2 }, V - V H 5Pco£l 
we have that £ € rel intl" [j. Let Z be the rank one matrix defined by 

H "31 )■ 

\ L M?) / 

then Ai(£ + tZ)\ 2 (€ + tZ) = Ai(£)A 2 (£) = a 2 b 2 y t £ R. This implies, as Y is 
compact, that there exist t\ < < t 2 : £ + ^i^ € <9F, i = 1, 2. Consequently £ + fyZ 
satisfies either (|3.1|) and (|3. 21) as equalities or (|3.3p and (|3.2p as equalities: from the 
previous studies we obtain that £ + tiZ £ RcoE, i — 1,2 and so £ € RcoE 1 . 

In the next step we can assume that (|3.ip and (|3.2[) are satisfied as strict in- 
equalities. 

step 3) We assume that £ satisfies (|3.3p with equality. Using the explicit ex- 
pressions of Ai, A 2 (see (11. 3p ). it is easy to prove that if (Ai(£), A 2 (£)) — ( X :V) the 
matrix defined by 



A = 



has the following properties: it is well defined (as y > 9 because 2 < max ab ■ 
9(b — a) = xy + 0(y — x)) and 

A x (£ + iA)A 2 (e + M) + 0[A 2 (£ + tA) - Ax(e + fcA)] = xy + 9{y - x) 

(3-4) :cy(a; + 0) (y-aO(s + 0) 

V t £ [t_,t+], i_ = - ,y - / , t+ = - — z — - ■ 

0(x + yj x + y 




relative interior of Y 
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In fact 



Ai (£ + tA)\ 2 {£ + tA) = | det(f + tA)\ 



xy — xt 



!J 



ty 



(A 2 (£ + tA) - Ai(f + i^)) 2 = ||e + i^4|| 2 - 2| det(£ + tA)\ 

2 



*) = 



?/ 



2f 



iV- 



xy — xt 



y 



ty 



If we assume that xy — xt 
that 

9(y — x) + xt 



y 



If we assume that 9(y — x) 

2 



xt 



ty > (that is £ > i_) (|3.4[) is equivalent to show 

- ty = 0v/||e + iA|| 2 -2[det(e + ^)]. 
— yt > (that is £ < £ + ) we get 



?/- 



i2 2 

r a; 



i/-0 



+ t 2 y 2 + 28(y - x)xt 



y 



26(y - x)yt - 2t 2 xy- 



t 2 + 2xt + t 2 



y 



2yt- 



2t 



2 V-0 
x + 



2xt 



y 



2yt 



One can easily check that this equality is verified for every t and so (|3.4p is verified. 
We prove now that there exists t\ € [t-,0] such that \ 2 {t, + t\A) — b\ : this 
implies that £ + tiA satisfies (|3.ip and (|3.3|) as equalities: as we saw in the first 
step, £ + t\A G RcoS. Moreover we prove also that there exists £2 G [0,£+] such 
that Ai(£ + t2^.)A2(^ + £2^) = 0262 : this implies that £ + £2 A satisfies (|3.2p and 
(|3.3p as equalities: as we saw in the second step, £ + t^A G Rco_E. Consequently 
£ G Rco_E, as it can be written as rank one combination of £ + t\A and £ + t^A. 
Existence of t\) We consider F(t) — \ 2 (£ + tA) — b\. The existence of t\ follows 
from the fact that this function is continuous and F(0) < < F(t_) : in fact 

F(t-) = M + t-M -b 1 >0^=^ 

h<U + t_A\\ = 



'x 2 {6-y) 



y 2 (9 + x) 



x 2 y 2 (x + 9)(y-9) 



y\0(x + y)J \9(x + y)J 9 2 {x + y) 2 

_ x 2 {y~9) + y 2 (9 + x) _ xy + 9{y-x) 
~ 9(x + y) ~ 9 ' 

The last inequality is equivalent to 

9bi <xy + 9(y - x) = a,\bx + 9(h - a{) ^=> h > 9 

which is true. 

Existence of t 2 ) We consider G(t) — Ai(£ + tA)\ 2 (t; + tA) — a 2 b 2 . The existence 
of £ 2 follows from the fact that G is continuous and G(0) < < G(t + ) : in fact 
G(t+) > if and only if 



(y-0)(y-x) (x + 9){y-x) 
xy — x (- y 



> a 2 b 2 ■ 



x + y x + y 

Using that xy + 9(y — x) = a 2 b 2 + 9(b 2 — a 2 ) we get 

xy(x + y) + 9{y - x)(y + x) > a 2 b 2 (x + y) ^=^> a 2 b 2 + 9(b 2 - a 2 ) > a 2 b 2 
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which is true. □ 



To prove theorem 13.11 it will be useful to recall the following properties about 
convex functions and their sub-differential (we will follow the definition of [9]). 

Definition 3.4. Let / : R — > R be a convex function and 9 E R. The sub- 
differential of / in 9 is the set 

df{9) = {9* G R : f{9) > f{9) + 9*(9-9) V 9 G R} . 

Proposition 3.5. Let f : R — > R be a convex function. Then 
i) df(9) is non empty, compact and convex for every 9 £ R. 
ii) If 9 is a point of differentiability of f then df(9) = {/'(#)} ■ 
Hi) The set of points of differentiability of f is dense in R and 



df(x) = co Six) , Six) = { lim f'(x n ) f differ entiable in x ni x n — > x} . 

n.— >oo 

Remark 3.6. The proof of i) can be found at page 218 of |5]; ii) is theorem 26.1 of 
[5]; the proof of Hi) is a direct combination of theorems 25.6 and 17.2 of [5]. 

We pass now to the proof of theorem 13.11 

Proof. Thanks to propositions 12.31 and 12.41 it is sufficient to prove that Pco E = 
KcoE. For this, as in lemma l3~2l we will show the inclusion 

dVco E<Z RcoE. 

Let £ € d¥coE. We have seen in remark [2~6l that there exists 9 £ [0, max 61 such 

(a,b)£K 

that 

Ai(OA 2 (O+3(A a (£)-Ai(O) = m(0), 

and for every 9 G [0, max 61 

(a,6)£K J 



We define 



MOMO + 9(MO-*i(S))<m(6). 

max a6 9 < 
(a,6)eif 

F(0) = <( m (<?) e e [°> ( ^lf^ K b ^ 

9 2 9 > max 6 . 

(o,6)6K 

We observe that £ satisfies 

Ai(£)A 2 (£) + 0(A 2 (0 - Ai(0) < W, VfleK, 
and there exists 6* G [0, max 61 such that 

(a,b)€K 

M(0H0 + o(HO - ^i(0) = f(9) . 

The following remarks will be useful: 

• A 2 (£)-Ai(£)eaF(0). 

• One can easily check that F is convex: the previous proposition implies that 
dF(9) = [a(0), /3{9)} for some a(0), /3(0) G R. 

• If ^o is a point of differentiability for the function F then dF(9o) — {F'(9q)} = 
60 — clq for some (ao, 60) G if, such that F(9q) — max {a6 + 6>o(6 — a)} = ao6o + 

(o,6)eK 

6»o (6 - 00) • 
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We are going to show that £ £ Rco E: for this we will find a set a C K composed 
by one or two points such that letting A = {£ <G R 2x2 : (Ai(£), A 2 (£)) £ a} we 
have £ £ RcoA C RcoF. We will distinguish the cases 8 = 0, 8 £ (0, max 6), 

(a,b)£K 

8 = max 6 respectively in the steps 1, 2, 3. 

(a,b)EK 

step 1) We analyse the case 8 = 0, for which max ab = Ai(£)A2(£). We study the 

(a,6)GA' 

set S(0) defined in proposition 13.51 (the points 8 n will be points of differentiability 
of F throughout this proof) : 

S(0) = { lim F'(8 n ),8 n -> 0} = { lim F'(9 n ),8„ -> 0+} U {0} 

as for every 6* < F is constant. Let 

P m = sup{ lim F'(0„), 0„ -> 0+} > . 

Let #„ — ^ + be points of differentiability for F: then F'(8 n ) = b n — a„, for some 
(a n , b n ) £ K; therefore every point of 5(0) is or b— a for some (a, b) £ K, because 
of the compactness of K. The fact that K is compact implies also that pu = b — a, 
for some (a, b) £ K and so 



dFQO) = co5(0) = [0, b - a] 9 A 2 (£) - Ai(£) . 
It is easy to see that there exists (a, b) £ K such that b— a = 6— a and max a& = ab. 

(a,b)eK 

In fact by definition of b — a, Ve > there exists 8 e n which goes to for n — > oo 
and a sequence (a £ , b^) £ K such that 



(3.5) 6 - o - e < lim F'(0£) = lim b £ n ~a £ n <b- a. 

n—>oc n— >oo 

We observe that, as 8 e n is a point of differentiability of F 

max ab + 8 e n {b - a) = a e n b e n + 8 £ n {b £ n - a s n ) . 

{a,b)eK 

Now, if we consider the points {a e n ,b%) € if, as if is compact, we can say, up 
to a sub-sequence that (a £ n ,b £ n ) — > (a € ,b £ ) £ K . For the same reason, if e — > 
(a £ ,b £ ) — > (a, 6) £ K . Passing to the limit for n —¥ oo in the last relation, we 
obtain from the continuity in 8 of the function max ab + 8(b — a) 

(a : 6)SA V ' 

lim max ab + 6>^(6 — a) = max ab = lim a £ n b £ n + 8 £ n (b £ n — a £ n ) = a £ b £ , 

n-+oo (a,b)eK '' (a,b)eK n— >oo 



and so 



max a& = Ai(£)A2(£) = lim a e 6 £ = 56. 

(a,b)eA £^0 



From the relation (|3.5|) we get, 



b — a < lim lim 6 £ — a £ = 6 — a < b — a 

e— >0 n— voo 



Then we have that Ai(£)A 2 (£) = a& and A 2 (£) - Ai(£) < b- a, that is A 2 (£) < b . 
This is equivalent, thanks to remark |3~31 to say that £ G Rco^4 C RcoF, where 

A = {£eM 2 x 2 :(A 1 (£),A 2 (0)-(5,6)}. 
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step 2) We study the case 9 £ (0, max b). As in step 1, if 

(a,b)eK 

p m = inf{lim F'(9 n ),6 n ^9} 

n—^oo _ 

p M = sup{ lim F'(6 n ),0 n -> 9} , 

n— >oo 

we have for some (oj, &i) € if, i = 1, 2 

9F(0) = [6 2 -a 2 ,6 1 -ai]. 

Following the same kind of study as in step 1, one can show that there exist (dj, 6j) € 
if, i = 1 , 2 such that 

Ai (0 A 2 (0 + 9(X 2 (0 - Ai (0) = F(9) = max {a& + 9(b - a)} = 

(a,b)t£K 

= dibi + 9(bi - dj), bi - di = bi - ai. 
We now show that £ e Rco A, where 

,4 = U € K 2X2 : (Ai(0,A 2 (0) = ifrM), * = 1,2} : 
for this, thanks to lemma [3721 it is sufficient to show that 

h < A 2 (£) < 6i, 

di6i< Ai(£)A 2 (0<d 2 & 2 , 

di < d 2 . 

For every # £ [0, max b] we have that 9 2 < max a& + 9(b — a), as seen in 

(a,b)€K (a,b)£K 

proposition 12.41 writing this inequality for 9 = 9 we get A 2 (£) > 9. As 

d 2 &~ 2 + 9(b 2 - d 2 ) < Ai(0A 2 (0 + 0(A a (O - Ai(0) < di&"i + 0(bi - di) 

for every 9 > 9 and in particular for 9 = A 2 (£) we have that 6 2 < A 2 (£) < &i, 
that is the first condition is verified. As fe 2 — d 2 < A 2 (£) — Ai(£) < &i — di, then 
d\b\ < Ai(£)A 2 (£) < d 2 6 2 and d\ < d 2 . 



step 5) We study the case 9 = max b: we have, as we saw in proposition 12.41 

(a,b)eK 

A 2 (£) = max b. We define 

(a,b)£K 

p m = inf{ lim F'(9 n ),9 n -> max &} 

n->oo (o,6)e-RT 

and we have, as in the previous steps 

dF(9) = [b-a,0)],{a,b)£K. 
It is easy to show that there exists (a, b) £ K such that b— a = b—d and max ab+ 

{a,b)£K 

9(b — a) = f max b] 2 = db + 9(b — d). Therefore b = max b . Defining 

(a,b)eK (a,b)EK 

A = UeK 2x2 :(A 1 (0,A 2 (0)-(5,6)} 

we have that £ £ Rco A C RcoS, thank to remark [5751 in fact A 2 (£) — Ai(£) > 
b — d = max 6 — d , that is Ai(£) < d , and A 2 (£) = & . 

(a,6)S-f£" 

The formula for the interior of Rco E follows from proposition 12.51 and from the 
fact that Pco E — Rco E , as we have just showed. □ 
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4. The existence theorem 

In this section we are going to show theorem 11.11 The proof will be a direct 
combination of theorem 14.51 and of proposition 14.21 To do this it will be useful to 
define the so called approximation property (this definition is given in [3]). 

Definition 4.1. Let E C K{E) C R 2x2 . We say that E and K{E) have the 
approximation property if there exists a family of closed sets E$ and K(E$), S > 0, 
such that 

1) E s C K{E S ) C uAK(E) for every 8 > 0; 

2) for every e > there exists Sq = 5o(e) > such that dist(r],E) < e for every 
i] G E s and 5 € [0,<? ]; 

3) if 77 G 'mtK(E) then r\ G K(Eg) for every 5 > sufficiently small. 

We can now show the following result. 
Proposition 4.2. Let E be defined by 

J B = UGM 2x2 :(A 1 (C),A 2 (0)G^} 

with K compact satisfying J_?.^[ ). Then E and Rcoi? have the approximation prop- 
erty with K{E$) = Rco-E.5, if 

E S = |J E ( t b \ ^ b) =UGM 2x2 :(A 1 (0,A 2 (e)) = (a- ( 5,&- ( 5)}, 

(a,b)£K 

for < S < min a/2. 

(a,b)£K 

It will be useful the following result due to Cardaliaguet and Tahraoui pQ: 
Proposition 4.3. For every 9 > the function Hg : R 2x2 — > K defined by 

H e (0 = max{Ai(0A 2 (0 + 0(A 2 (£) - Ai(0) - 2 ,0} 
is rank one convex. 

Remark 4.4. In [I] Cardaliaguet and Tahraoui show that the function Hg is poly- 
convex. 



We can now prove proposition 14.21 

Proof. We remark that Es is compact: this will let us use the representation theo- 
rem |3HJ In the following three steps, we show the three conditions of the approxi- 
mation property respectively. 
l)Rco(^) C intRco£,V 5 > : 

Let (a, b) G K be fixed. Then we have 

E { s a ' b) C {£ G R 2X2 : Ai(0A a (0 < 06, A 2 (0 < &} 

= int Rco{C G R 2x2 : (Ai(0, A 2 (0) - (0,6)} 
C int RcoE 1 ; 
this implies, if we pass to the union over K, that 

E 5 C int Rcoi; . 
From this inclusion we can infer that 

RcoE's C Rco(int RcoE) — int Rco_E , 
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as the interior of Rco E is rank one convex. In fact let £, £ + A £ int Rcoi?, with 
rk(A) = 1, that is, thank to theorem 13.11 for every £ [0, max 6] 

Ai(£)A 2 (£) + 0(A 2 (£)-Ai(£))< max a6 + #(6-a) 
1 J A 1 (£ + J 4)A 2 (e + A)+0(A 2 (£ + J 4)-A 1 (£ + A))< max ai + ^-a). 

(a,b)eK 

We want to show that 

£ + sA £ int Rco.E, s e [0,1]. 

Surely £ + sA £ RcoE, because £, £ + A e Rcoi?. Now, let us suppose that there 
exists 9 £ [0, max 61 such that 

(a,b)£K 

(4.2) max a6 + 0(6- a) = Ai(£ + s-A) Aa(£ + sA) + 0(A 2 (£ + sA) - Ai(£ + aA)) . 

(a,b)eK 

We can assume that 8 ^ max 6. In fact, due to (12.31) 

(a,6)6K 

f max 61 = max \ab-\-\ max 61(6 — a)}; 

(a,6)eif (o,6)£jf (o,6)6K 

therefore if we choose 6 = max 6 in (14. ip and in f|4.2[) we have A 2 (£), A 2 (£ + A) < 

(a,b)eK 

max 6 and A 2 (£ + s A) = max 6 . This is a contradiction as A 2 is a norm over 

(a,6)6K ~ (a,b)eK 

R 2 x 2 . Therefore we can write 
9 2 < max ab + 9{b-a) = \ 1 (£ + sA)\ 2 {t + sA) + 6(\ 2 {t + sA)-\ 1 (£ + sA)). 

(a,b)eK 

Using the expression of the function Hg defined in proposition 14.31 we have 

H 9 {(. + sA) = Ai(£ + sA)\ 2 _{£ + sA) +_ 0(A 2 (£ + sA) - A x (£ + sA)) - 6 2 
= max ab + 0(6 - a) - 8 2 > 0. 

(a,b)€K 

Thanks to the fact that Hg(£,) is rank one convex, from proposition 14.31 

< H s (t + sA) < s Hg(£ + A) + (1 - a)H s (S) < m & x{H s (0, Hg(£ + A)} . 

Without loss of generality we can assume that m&x{Hg(£), Hg^+A)} = Hg(£+A) . 
If Hg(£_ + A) = we have a contradiction. If Hg(£, + A) > 0, we have, as £ + A £ 
int Rco_E 

H e {€ + A) = \ 1 (£ + A)A 2 (£ + A) + 0(A 2 (£ + A) - Ai(£ + A)) - 2 
< max ab + Bib - a) - 9 2 

(a,b)el< 

and so we have obtained 
H s (£ + sA) = max ab + 0(6 - a) - 2 < H s (£ + A) < max ab + 0(6 - a) - 2 

(a,b)EK (a,b)£K 

which is a contradiction. 

2)V e > 3 6 Q = 5 (e) > : distfo E) < e V r\ £ Eg, S £ [0, <J ] : 

Let rj £ E$; then there exists (a, b) £ K such that 77 <E -Ej . We define 
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Let A, B £ 0(2) be such that Ar/B = ( Al !^ ® J . Then 

\\r) - A^XB^W = \\ArjB - AA~ X XB- X B\\ = \\Ar]B - X\\ = VW . 

This implies that 

distfo E) < \\r) - A^XB^W = V2P -> 0, S -> 0; 

moreover this limit is uniform with respect to rj. 

3)If 77 £ intRcoE 1 then rj £ KcoEs V S > sufficiently small: 

Let 77 € intRcoi?; if (Ai(?j), M(v)) — ( x iV) thanks to theorem 13. II we have to show 

the following implication: 

xy + 8(y — x) < max ab + 8(b — a) V# £ [0, max b] 

(a,b)eK (a,6)eK 

.xy + 0(y - x) < max (a - S)(b — 6) + 9(b - a) 

(a,b)eK 

uniformly with respect to 8 £ [0, max b — 5}. For this it is sufficient to show that 
lim max (a — 5)(b — 8) + 8(b — a) — max ab + 8(b — a) 

5^0(a,b)£K (a,b)eK 

uniformly with respect to 8 £ [0, max b—S]. We have, as (a — S)(b— S) + 8(b — a) > 

(a,b)£K 

ViefO. min a/21, 

(a,b)€K 

I max (a — S)(b — S) + 8(b — a) — max ab + 8(b — a)\ 

(a,b)eK (a,b)£K 

< max \(a - 6)(b - S) + 9(b - a) - ab - 0(b - a)\ 

(a,b)eK 

< max S(a + b + S) ->• 0, S -> , 
(o,6)eif 

uniformly with respect to 9 £ [0, max 6 — (51. Consequently we showed the third 

(a,b)£K 

condition of the approximation property too. □ 

4.1. Proof of the existence theorem. We are going to recall an abstract exis- 
tence theorem (established by Dacorogna and Pisante [4 J that we will apply. 

Theorem 4.5. Let C I 2 fe an open set. Let E C M 2x2 be a compact set. 
Assume that E and Rco-E have the approximation property with K(E$) = HcoEs. 
Let Lp £ C x lec (IT;R 2 ) be such that 

Dip (x) £ E U int Rco E, a.e. in Q. 

Then there exists u £ <p + W Q '°° (f2; R 2 ) such that 

Du (x) £ E, a.e. in tt. 

Our theorem then follows immediately. In fact, E is compact and we verified 
that E and Rco-E have the approximation property in proposition 14.21 Then we 
obtain the existence theorem 11.11 thanks to theorem 14.51 
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5. Representation of Rco E 

In this section we are going to give an explicit formula of Rco E for a set E (|1.2j) 
defined by a set K composed by a finite number of points. We will treat the cases 
in which K is composed by one, two elements, and finally a particular K composed 
by three elements; for the general formula and for its proof we refer to [2j. We recall 
that the representation of Rco E, for E defined by K composed by one element was 
already obtained by Dacorogna and Marcellini (see [3]); Cardaliaguet and Tahraoui 
in pQ showed the formula for the case of K composed by two elements. 

To give the representation of Rco_E it is sufficient to give the formula of the 
function a defined by flUTJ): indeed RcoE = {£ e M 2x2 : A 2 (£) < ct(Ai(£))} • 



Proposition 5.1. Let E be defined by U.ty) with K = {(a,b),0 < a <b}. Th 

o~(x) = inf < — , b 



<n 



Proposition 5.2. Let E be defined by U.2\) with K = {(ai, b\), (a 2 , b 2 ), < a^ < 
bi,i = 1,2}. Without loss of generality we can assume that a\ > a 2 . Then 
1) If a\b\ > 0262 and 62 > b\ then 

1 \ • f f«i & i u 0(l,2)ar + ai&i + 0(l,2)(6i-oi) 
a(x) =mt\ ,6 2 , 



where 6(1,2) = 

02-0,2- (Oi - Ol) 

2) If 61 > 69 then 



x ' " x + 9(1,2) 

ai6i - a 2 b 2 



a(x) = inf i ,61 



0262 



3) If bi < b 2 and a\b\ < 0262; tften 

<r(:r) = inf 

Proposition 5.3. Let E be defined by U.2)) with K = {(aj,6j),0 < a% < h,i = 
1,2,3}. We define 

0{i,3)= h aA -f* y 

Oj — a.,- - (bi — a t ) 

Let us suppose that a\b\ > 0262 > 0363, 63 > max{6i,62}, 62 — a 2 > b\ — a\ and 
6(1,2) < 6(1,3). Then 

rr(<r\ - inf / 0l&1 7, ^M + Jj + °J b J + gCglJ + ll^j ~ °J ) „• _ 1 9 

I x x + 6(j,j + l) 
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